F-JUMPING AND F-JACOBIAN IDEALS FOR HYPERSURFACES 
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Abstract. We introduce two families of ideals, F-jumping ideals and F-Jacobian ideals, 
in order to study the singularities of hypersurfaces in positive characteristic. Both families 
are defined using the D-modules Ma that were introduced by Blickle, Mustafa and Smith. 
Using strong connections between F-jumping ideals and generalized test ideals, we give a 
characterization of _F-jumping numbers for hypersurfaces. Furthermore, we give an algo- 
rithm that determines whether certain numbers are F-jumping numbers. In addition, we 
use F-Jacobian ideals to study intrinsic properties of the singularities of hypersurfaces. In 
particular, we give conditions for F-regularity. Moreover, _F-Jacobian ideals behave sim- 
ilarly to Jacobian ideals of polynomials. Using techniques developed to study these two 
new families of ideals, we provide relations among test ideals, generalized test ideals, and 
generalized Lyubeznik numbers for hypersurfaces. 
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1. Introduction 

The aim of this note is to introduce two families of ideals, F-jumping ideals and F- 
Jacobian ideals. Both families of ideals measure singularities in positive characteristic. The 
F-jumping ideal is closely related to the test ideal introduced by Hara and Yoshida [HY03], 
while the F- Jacobian ideal is strongly connected with the original test ideal defined by 
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Hochster and Huneke [HH90]. These two famihes are related through Ma, the modules 
introduced by Blickle, Mustata and Smith [BMS09], and the theory of D-modules and F- 
modules [Lyu97, Yck92]. Roughly speaking, the F-jumping ideal associated to an element 
/ in a regular F-finite ring, R, and to a rational number a = ^^^^j, gives the unique simple 
D-submodule of M^. If a = 1, then = Rj with the usual D-module structure. Moreover, 
the unique simple D-submodule of is R. Under additional hypotheses, the F- Jacobian 
ideal determines the sum of the simple F-sub modules of Rf/R- 

Several of our results are obtained by investigating properties of F'^-submodules of 
through ideals I ^ R such that /''J c /[p"]. We pay particular attention to ideals such that 
/ = (jb^] : f). This is given by Lyubeznik's study of F-modules via root maps [Lyu97]. 

1.1. F-jumping ideals. Let R be an F-finite regular ring, / an element of R and a a 
positive real number. The test ideal, T{f°'), was introduced by Kara and Yoshida as an 
analogue of the multiplier ideal in positive characteristic [HY03]. The F-jumping numbers 
for / are defined as the positive real numbers c, such that t(/'^~^) =|= t(/'^) for every e > 0. 
Blickle, Mustafa and Smith showed that the F-jumping numbers are rational and form a 
discrete set [BMS09]. These numbers encode important information about the singularity of 
/ (cf. [BFS12]). 

Let a be the rational number ^^53^' with r a positive integer. Ma is i?/ ■ Cq, as an i?- module, 
where Cq, is a formal symbol. The D-module structure depends on the number a [BMS09, 
Remark 2.4]. However, it does not depend on the on the representation of a = 

One of the main aims of this work is to study the simplicity of Ma as a D-module and 
as a F^-module. In Proposition 3.15 and Remark 3.16 we show that Na = D ■ f^'^ta is the 
unique simple D-submodule of Ma- This raises the definition of the F-jumping ideal 
as the ideal such that 

Z^rYa = R-CanNa. 

We characterize the simplicity of Ma in the following theorem: 

Theorem 1.1. Let R he an F-finite regular domain and f e R be a nonzero element. The 
following are equivalent: 

(i) a is not an F-jumping number; 

(ii) Na = Ma; 

(iii) Ma is a simple D-module; 

(iv) Ma is a simple F^-module; 

(v) ^Fin = R. 

Moreover, the test ideal T{f'^) is the minimal root for A^^ and t(/"^'^) is the minimal 
root for Ma (see Propositions 3.17 and 3.18). Additionally, in Algorithm 3.19 we present a 
process to decide whether a is an F-jumping number. 

1.2. F-Jacobian ideals. Suppose that S = K[xi, . . . , is a polynomial ring over a perfect 
field, K, and f e S. The Jacobian ideal is defined by Jac(/) = (/, y~, . . . , f^)- This ideal 
plays a fundamental role in the study of singularity in zero and positive characteristics. In 
this case, Jac(/) = i? if and only if R/fR is a regular ring. Another important property 
is that Ja.c{fg) c f Ja.c{g) + gJa.c{f) for f,gES, which is given by the Leibniz rule. The 
equality in the previous containment holds only in specific cases [Fabl3, Proposition 8] and 
it is used to study transversality of singular varieties [Fabl3, FA12]. 

2 



Let R be an F-finite regular local ring. We define the F-Jacobian ideal, Jpif), to be 
the intersection of i? ■ ei c Mi with the sum of the minimal F-submodules in Mi properly 
containing the unique simple F-module. The F-Jacobian ideal behaves similarly to the 
Jacobian ideal of a polynomial. As the Jacobian ideal, they determine singularity: 

• if R/fR is F-regular, then Jpif) = R (Corollary 4.40); 

• if R/fR is -F-pure, then R/fR is F- regular if and only if Jpif) = R (Corollary 4.42). 

• If / has an isolated singularity and R/fR is F-pure, then Jpif) = R H R/fR is 
F- regular, and Jpif) = otherwise (Proposition 4.43). 

In addition, the F- Jacobian ideal also satisfies a Leibniz rule: Jrifg) = fJrig) + gJpif) 
for relatively primes elements f,g s R (Proposition 4.14). The Leibniz rule in characteristic 
zero is important in the study of transversality of singular varieties and free divisors over 
the complex numbers [Fabl3, FA12]. 

The F- Jacobian ideals behave well with jo^-th powers; Jpif^") = JFif)^^"^ (Proposition 
4.19). This is a technical property that was essential in several proofs. This contrasts with 
how the Jacobian ideal changes with p'^-th powers: 

^^c{f^') = [fP\f^-L ^...y^J- ) = ---'^ ) = Jac(/)[^^] 

OXi OXn OXi OXn 

The F- Jacobian ideal can be computed from the test ideal in certan cases and they are 
strongly related (see Proposition 4.33). However, they are not the same (see Example 4.45). 
Moreover, the F- Jacobian can be defined for elements such that R/fR is not reduced and 
satifies properties that the test ideal does not (eg. Propositions 4.14 and 4.19). 

Furthermore, we define the F- Jacobian ideal for a regular F-finite UFD, i?, such that 
Rf/R has finite length as a D-module (Section 4.1). We also define the F- Jacobian ideal 
for a ring which is essentially of finite type over an F-finite local ring (Section 4.2). Both 
definitions agree for rings that belog to the previous families (Corollary 4.36). 

1.3. Further consequences and relations. Using ideas and techniques developed to de- 
fine and study F-jumping ideals and F- Jacobian ideals, we give bounds for the length of 
Rf/R as an F- module. One of these bounds is in terms of a flag of test ideals previously 
defined by Vassilev [Vas98]. If R is an F-finite regular local ring and R/fR is F-pure, there 
exists a strictly ascending chain of ideals 

/i? = To c n c . . . c r£ = i? 

such that {tI^^ : r^) c {rl^i : r^+i) and r^+i is the pullback of the test ideal of R/ti. 

Another bound is given by the generalized Lyubeznik numbers. These are invariants asso- 
ciated to a local ring of equal characteristic defined by the first author and Witt [NBW12]. 
These numbers are defined using the D-module structure of local cohomology modules. For 
a hypersurface of particular interest is the Lyubeznik number 

Xf-Wm^R/fR.L) := length^(^,)„_,,,^//;^(^), 

where R is the completion of R with respect to its maximal ideal and L is a coefficient field. 
Namely, the relations are: 

Theorem 1.2. Let {R,m,K) be an F-finite regular local ring and f e R be an element, 
such that R/fR is reduced. Let f = fi ■ ■ ■ fs be a factorization of f into irreducible elements. 



Then, 

lengthp^^,^ Rf/R < length^(r(/^-^)/Tj) + s, 
where tj is the pullback of the test ideal, r{R/fR). Moreover, if R/fR is F-pure, and 

c fR = To c Ti c . . . c = i? 
is the flag of ideals previously defined, then 

i < length^_„„,i?;/i? < AS^'"(^/^^)(i?//i?; L) 

for every coefficient field, L. 

Suppose that R is local, R/fR F-pure and K perfect. In this case, X^^^^/fR) {R/fR; L) = 1 
if and only if R/fR is F-regular [NBW12, Bli04]. This fact and Theorem 1.2 say that 
\'^™^^^lf^'>{R/ fR] L) is measuring "how far" an F-pure hypersurface is from being F-regular. 

2. Preliminaries 

In this section, we review the basic facts that we will need about tight closure, generalized 
test ideals, D-modules, and F-modules. 

2.1. Tight closure. We recall some definitions in tight closure introduced by Hochster 
and Huneke [HH90, HH94a], and mention some properties of this theory [Fcd87, LSOl]. 
Throughout this section, we assume that R is an F-finite ring. 

We say that R is F-pure if for every i?-module, M, the morphism induced by the inclusion 
of R in R^Ip, M ®rR M ®r R^/p, is injective. If i? ^ R^/p splits, we say that R is F- 
split. These two properties, F-purity and F-splitting, are equivalent when R is F-finite. In 
addition, if {R, m, K) is a regular local ring and / c i? is an ideal, then R/I is F-pure if and 
only if (/M : I) ^ rrM (Fedder's Criterion, [Fcd87, Theorem 1.12]). 

If J c i? is an ideal, the tight closure I* of / is the ideal of R consisting of all elements 
z E R for which there exists some c s R that is not in any minimal prime of R, such that 

cz'^ e jM for all g = / » 0. 

We say that R is weakly F-regular ii I = I* for every ideal. If every localization of R 
is weakly F-regular, we say the R is F-regular. In general, tight closure does not commute 
with localization [BMIO], and it is unknown if the localization of a weakly F-regular ring is 
again a weakly F-regular ring. That is why the adjective weakly is used. 

R is strongly F-regular if for all c e i? not in any minimal prime, there exists some q = p^ 
such that the morphism of i?-modules, R —* i?^/"^, that sends 1 to c^/^ splits. Strong F- 
regularity is preserved after localization. In a Gorenstein ring, strong and weak F-regularity 
are equivalent. 

We define the F-singular locus of R by 

Singp(i?) = {P E Spec(i?) | Rp is not F-regular}. 
We define the test ideal of R by 

T{R)=[\{I:r). 

I^R 
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If i? is a Gorenstein ring, we have that 

r{R) = n ^*)- 

/ parameter ideal 

[HH90, Theorem 8.23] [Mat89, Theorem 18.1]. 

Remark 2.1. Let i? be a reduced ring essentially of finite type over an excellent local ring 
of prime characteristic. Let t{R) denote the test ideal of R. We know that for every mul- 
tiphcative system W R, W-^t{R) = t{W-^R) [Smi94, Proposition 3.3] [LSOl, Theorem 
2.3]. It is worth pointing out that, in this case, t(R) contains a nonzero- divisor [111194a, 
Theorem 6.1]. 

If P e Singp,(i?), then Rp is not F-regular, and so t{Rp) = t{R)Rp Rp. Therefore, 
r{R) c P and P e V(t(P)). On the other hand, if P e V(t(P)), then r(Pp) = r(P)Pp ^ 
Rp, and then R is not P-regular. Hence, P e Smgp{R). Therefore, Smgp{R) = V(r(P)). 

2.2. Generalized test ideals. Test ideals were generalized by Hara and Yoshida [HY03] 
in the context of pairs {R,P), where / is an ideal in R and c is a real parameter. Blickle, 
Mustafa, and Smith [BMS08] gave an elementary description of these ideals in the case of a 
regular P-finite ring, R. We give the definition introduced by them: 

Given an ideal / in P we denote by /[^/p"] the smallest ideal J such that / c jt^"] [BMS08, 
Definition 2.2]. The existence of the smallest such ideal is a consequence of the flatness of 
the Frobenius map in the regular case. 

We recall some properties that we will use often 

and 

(j)[i/p^]\ _ jj{e)j [AMBL05, Proposition 3.1], 

where P'(^) = Hom^pe 

Given a non-negative number, c, and a nonzero ideal, /, we define the generalized test 
ideal with exponent c by 

e>0 

where [c] stands for the smallest integer greater than or equal to c. 

The ideals in the union above form an increasing chain of ideals; therefore, they stabilize 
because R is Noetherian. Hence for large enough e, t{P) = In particular, 

T{fW) = [BMS09, Lemma 2.1]. 

An important property of test ideals is given by Skoda's Theorem [BMS08, Theorem 2.25]: 
if / is generated by s elements and c < s, then t(P) = / • t(P^^). 

For every nonzero ideal / and every non-negative number c, there exists e > such that 
T{r) = T{r') for every c < c' < c + e [BMS08, Corollary 2.16]. 

A positive real number c is an F-jumping number for /, if t{P) t{P~'^) for all e > 0. 

All P-jumping numbers of an ideal / are rational, and they form a discrete set; that 
is, there are no accumulation points of this set. In fact, they form a sequence with limit 
infinity [BMS08, Theorem 3.1]. Then for every positive number a, there is a positive rational 
number, j3 < a, such that T{f^) = T{f"') for every 7 e (/3,a). We denote T{f^) by T{f°'~'^). 
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2.3. D-modules. Given two commutative rings, A and R, such that A c /?, we define the 
ring of A-hnear differential operators on R, D{R, A), as the subring of B.omA{R, R), defined 
inductively as follows. The differential operators of order zero are induced by multiplication 
by elements in R (Hom^(i?, R) = R). An element 9 e Hom^(i?, R) is a differential operator 
of order less than or equal toA; + lif^-r — r-^isa differential operator of order less than 
or equal to k for every r e R. 

If A, B, and R are commutative rings rings such that A <^ B <^ R, then D{R,B) cz 
D{R,A). 

Notation 2.2. If A = Z, we write for D{R, Z), and we write only D if it is clear which 
ring we are working on. 

If M is a D{R, A)-module, then Mf has a structure of a D{R, A) -module, such that the 
natural morphism M Mf is a morphism of D{R, /l)-modules. Thus, Rf/R is an D{R, A)- 
module. 

If i? is a reduced F-finite ring, we have that = \^^^^ Hom^pe {R, R) [Yek92]. We denote 
Hom^pe {R, R) by D^^\ Moreover, if R is an F-finite domain, then is a strongly F-regular 
ring if and only if R is F-split and a simple D/{-module [Smi95a, Theorem 2.2]. 

If R is an F-finite reduced ring, W <^ R a. multiplicative system and M a simple D^- 
module, then W~^M is either zero or a simple D^iz-i ^-module. As a consequence, for every 
D/j-module of finite length, iV, 

length^^_^^ W~^N < length^^ A^. 

2.4. F*^-modules. In this section, we recall some definitions and properties of the Frobenius 
functor introduced by Peskine and Szpiro [PS73]. We assume that R is regular. This allows 
us to use the theory of F-modules introduced by Lyubeznik [Lyu97]. 

Every morphism of rings (f : R S defines a functor from i?-modules to S'-modules, 
where ip*M = S (^r M. U S = R and Lp is the Frobenius morphism, FM denotes ip*M. If 
i? is a regular ring, F is an exact functor. We denote the e-th iterated Frobenius functor by 
F^ 

Example 2.3. If M is the cokernel of a matrix (rj ,,•), then F'^M is the cokernel of {r^j). In 
particular, if / c i? is an ideal, then F^i?// = R/I^p'I 

We say that an i?-module, A4, is an F'^-module if there exists an isomorphism of i?- modules 
If M is an i?-module and f3 : M ^ F'^M is a morphism of i?-modules, we consider 

M = lim(Af ^ F"M ^ F'^^M ...). 

Then, M. is an F'^-module and ^ A4 is the structure isomorphism. In this case, we say 
that Ai is generated by /3 : M ^ Fr^- If is a finitely generated i?-module, we say that 
Ai is an F'^-finite F'^ -module. If /3 is an injective map, then M injects into Ad. In this case, 
we say that /3 is a root morphism and that M is a root for Ai. 

Example 2.4. (i) Since F^R = R, we have that R is an F'^-module, where the structure 
morphism ly : R ^ R is the identity. 
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(ii) For every element f ^ R and r, e e N, we take a = and define as the F'^-finite 
F'^-module that is generated by 

R^ R^^ R^~^ .... 

Remark 2.5. This structure of as F'^-moduIe depends of the representation ^^^3^- How- 
ever, if we take another representation ^J^^ , both structures will induce the same structure 
as F^ '^'-module. 

We say that (j) : M. ^ M is a. morphism of F-modules if the following diagram commutes: 



FM^FU 

The F'^-modules form an Abelian category, and the F'^-finite F'^-modules form a full 
Abelian subcategory. Moreover, if M. is F'^-finite then At j is also an F'^-finite F'^-module 
for every f ^ R. In addition, if i? is a local ring, then every F*^ finite F'^-module has finite 
length as F'^-module and has a minimal root [Bli04, Lyu97]. 

Example 2.6. The localization map R ^ Rf is a morphism of F- modules for every f ^ R. 

Example 2.7. The quotient of localization map i? i?j is an Fr- finite F/j-module for 

every f e R. Rf/R is generated by R/fR FniR/fR) = R/pR. 

We recall that every F'^-submodule M c Rf/R is a D-module [Lyu97, Examples 5.2]. 
We have that Rf/R has finite length as an F- module, because Rf/R has finite length as a 
D- module. Let R be an F- finite regular ring. If Rf/R has finite length as D- module, then 
Rf/R has finite length as an F-module for every f e R. Therefore, if Rf/R has finite length 
as a D-module, then Rf/R has finitely many F-submodules [Hoc07]. 

3. F-JUMPING IDEALS AND F-JUMPING NUMBERS 

In this section we define F-jumpings ideals and give some basic properties. In particular, 
we relate them with the generalized test ideals and F-jumping numbers. 

Notation 3.1. Throughout this section R denotes an F- finite regular domain of character- 
istic p > and a denotes a rational number whose denominator is not divisible by p. This 
means that a has the form for some e. 

We note that (p'^^^^ + . . . + + l)r + a = p^^a for every £ e N. Let i? be a regular local 
F-finite ring. Then, (t>{x^lP') e I for all e }iom{R^/P\ R) if and only if x e 

Lemma 3.2. r(/P^) c r(/^)M 

Proof. We have that ^ ^ and lim ^ = pX. Then, 

jsN jgN jeN ^ ^ 

by the properties of the ideals I^^l^'^ [BMS08, Lemma 2.4]. □ 
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We will study the F'^-module Ma = RjCa introduced in by Blickle, Mustata and Smith 
[BMS09]. As an i?/-modules, Ma is free of rank one generated by Cq. Here Cq, is thought 
formally as 1//". As an F'^-module Ma is generated by the morphism 

R ^ F^R = R, 

as in Example 2.4. Moreover, the Frobenius morphism acts on Ma by 

The structural isomorphism v'^ : R'^ (x) Ma ^ Ma is given by 

b abP^ 



whose inverse morphism is 



n-\j;-ea) = cr^'''-'^^'®j;-ea. 



Ma carries a natural structure as a D^j-module, which does not depend of the presentation 
of a [BMS09, Remark 2.4]. Given P e D'^, we take 

where P acts in R^"^ (x) Ma by P{a ® = P{a) (x) u. We note that 

set ^ ^ 



jrn' ympes+r-(l+p<! + ..._|_pe(s-i)) " 

and 



thus 



When m = 0, the previous expression is equal to 

p(-^jr(l+p'= + ...p'=(»-i))^ 
^ ^ Jr(l+p'= + ...+p'=(=-i)) 

Definition 3.3. We denote Duf^""^ ■ by A'^^. We define the F -jumping ideal associated to 
f and a as the ideal ^Puif^) of P such that 

^FniDea = Nan PCa- 

If it clear in which ring we are working, we only write 

Lemma 3.4. The morphism Ma Ma+i defined by sending t-^ f^a+i is an isomorphism 
of F*^ -modules (as well as D-modules). In particular, Na = Na+i = D^f^^^^^^ ■ e^+i. 
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Proof. We have the following commutative diagram of i?-modules, 





R 



R 



R 



jr + p^ — 1 



j(r+p^-l)p^ 



F 



R 



R 



R 



j(r+p<=-l)p2e 



R/f ^ R/fP^ R/fP ^ 







We note that 



R/f^^ R/F 



f 



is zero map because r ^ 1 as a > 0. By taking the limits, we obtain that Ma M^+i is an 
isomorphism of F- modules, and hence of D/j-modules. □ 

Proposition 3.5. Let isN. Then, f^rif") c 

Proof. Let : Mq, Ma+e be the morphism of D/^-modules given by Ca <—>■ f^Ca+e- We have 
that (p is an isomorphism by Lemma 3.4. Then, 

f'MDea+e = MDf^aU = (f^iMDea) 
= <p{Na n Rca) = (/){Na) n </)(/2e«) = N^+e n Rf^e^+e 
= Na+i n Rf'^Ca+e c N^+i n Rca+i = ^F{f°'^'^)ea+e- 
Therefore, we obtain that f^dpif) c 

Remark 3.6. Given any ideal I ^ R, we consider the D-module generated by /, Df^ ■ Icc 
[^g^i D^'^ ■ Ica- This is equal to 



□ 



s>0 



+...+P' 



'.(s-l)- 



I)/f 



r(l+...+p' 



,e(s-l) 



This D/j-module intersects with Re^ at the ideal 



s>0 



r-(l + ...+p'=(=-i)) 



and contains /. 



We define inductively a sequence of ideals associated to We take = T{f"). Given 
V, we take = {{V)^'^ : f). We note that ^X^ = Ft{F) = t(/'-+") = t(/p'") c 
r(/")[^''] = X^(f°')^''\ where the second equality follows from Skoda's Theorem and Lemma 
3.2. We have that c and /^X^ c {X^)^"\ Inductively, we obtain that X^ c X^+^ and 
yrji+i ^ (xi^b-^] for every j g N. 

Since i? is Noetherian, there is an g N such that X^ = X^^^ . By our definition of X\ 

9 



Definition 3.7. We call the previous sequence of ideals the F-flag of ideals associated to f 
and a, and we denote the ideals by If it is clear in which ring we are taking this flag, 

we write only X-' (/"). 

Remark 3.8. By the properties of colon ideals and the flatness of Frobenius, we have that 

As a consequence, the F-fiag of ideals associated to / and a depends on the presentation of 
J. However, the union of this flag does not depend on this presentation as the next 



a = - 

p 

proposition shows. 



Proposition 3.9. = Uj^^(/°) = ^^if") for N » 0. 

Proof. By the definition of T{f°') and properties of test ideals in Section 2.2, r(/")[p'"'] 
(^(/[p-^ayi/P"]^ ^ = ]jse^f\p^-a]^ for s ^ iV for a positive integer e N. 
Then, by Remark 3.6, 

ZF{fneo. = N^f]Reo. 

= y ^^es^jr(l + ...+p-(''-i))j[al^ . jr(l+...+p-(''-i))^ 
= 1^ ^£)es^jr(l+...+p'=(»-i))+al-j . jr(l+...+p'=(»-i))^ ^ 

= U ^^(De- 



□ 



Proposition 3.10. Let W <^ R be a multiplicative system. Then, 

Proof. There exists N such that 

We have that = r(/") and that X^^{fP''^) = : f). We have that 

W-^X\{fP'") = W^-V(/°) = r(/°iy-ii?) = [BMS08, Proposition 2.13], Thus, 

M^-iX^(/P'") = X^_i^(/f'") because - ®ij W^-^i? is a fiat functor. Since X^_i^(/f'") = 
X^ti^^(/P'"), we have that 
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□ 

Proposition 3.11. Suppose that R is a local ring. Then 

where R denotes the completion of R with respect to the maximal ideal. 

Proof. We have that = r(/°) and that Ij^^fP"") = : f"^) [BMS08, 

Proposition 2.13]. In addition, 

lUf'^^R = rif^R = rirm = 

[BMS08, Proposition 2.13]. Thus, l{{fP''')R = Xj(/P'") because - (^r R is a fiat functor. 
The rest is analogous to the proof of Proposition 3.10. □ 

Every F'^-submodule of is given by an ideal I <^ R such that J — > JLp J makes sense 
[Lyu97, Corollary 2.6]. This is ^1 c I^p^^. We set 



Lemma 3.12. Let I,J <^ Rbe ideals such that fl c J[p'], f\J c J[p'] and I <^ J. Then the 
F^-suhmodule Ma generated by I is equal to the one generated by J if and only if there exits 
isN such that fr{i+-+P^^'-'^)j c /[P-^'I. 

Proof. Let Nj and Nj be the F^-submodules of Mq, generated by / and J respectively. We 
have that J/ 1 ^ J[p']/J[p'] generates the F^-module Nj/Nj. Since J/J is a finitely generated 
i?-module, Nj = Nj if and only if there exist there exists £ such that 

is the zero morphism. Therefore, Ni = Nj if and only if there exits £ e N such that 

jr(l+...+p'=(*-i))j ^ jb'^]^ □ 

Proposition 3.13. D^f^^'^ ■ Ca is an F'^-submodule of Ma- Moreover, ^ ■3f(/")'-^''-' 

and rif'') ^ r(/")[P'] generate Dnf^'''^ ■ e^. 

Proof. By the definition of t(/") and properties of test ideals in Section 2.2, r(/")[^'"'] = 
^(/[p-^ayi/P"] j = jjse^j\p^-a\^^ ioi 8^ N for an integer e N. Then, 

s^N 

(J ^£)eS|^j[p<=»alyjr(l+...+p<=(»~l))~j . 
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6rv • 



yr(l + ...+p'=(="l)) ■ 

As /'■r(/") = r(/^+") = r(/P'") c r(/")[p'] by Lemma 3.2, it is a root for the F'^- 
submodule of M„ generated by the morphism 

which is 

s 

Hence, Dji- f^^^Ca is the F'^-submodule of generated by the morphism T[f") ^ r^f^")^"^. 
As fl'if^) c X^(/")[P'] for every s, we have that X^i^f") also generates an F'^-submodule 

of M„. Since X^+i(/")/X"(/") is the kernel of the morphism R/I'if^) ^ R/I'{f'')^'\ 

I'iD ^ X^(/")[P'] and T+\r) ^ 
generate the same F'^-submodule by Lemma 3.12. Therefore, Dji- f^^^Ca is the F^-submodule 
generated by Zpif") ^ Zpif")^^'^ because ^fI/") = for s » 0. 

□ 

Lemma 3.14. Let I <^ R be a nonzero ideal such that I c (/b^l f). Then f € ^/l. 

Proof. We have that for every s e N, / c (/[p'"'] : y-Ci+p^+.-.+p^'^ ^')^ flatness of Frobenius 
and properties of colon ideals. Thus, IRj c ((J/?j)[p"] : = (/i?^)[p'']. Let 

P c be a prime ideal of R that does not contain /. We have that IRp = I^^^^^Rp for every 
s > 0. We claim that IRp = Rp for every P; otherwise, 

IRp c []{IRp)^''^ c []{PRpr' = 

s 

and we know that IRp 0. Therefore, IRf = Rj and / e \/^- D 

Proposition 3.15. For any nonzero F^-suhmodule N of M^, c A^. In particular, is 
a simple F-module. 

Proof. As any two i?- modules intersect in i?/, we have that there is a minimal simple F^- 
submodule N. We know that Rca^N = lea, where / = {I^^"^ : /'') [Lyu97, Corollary 2.6]. 
Then / e / by Lemma 3.14. 

There exists an N such that r(/'^)[P"] = ((/[p'^y^^^"] j = and that 

= for every N (cf. Section 2.2). 



Dr ■ Pea = U • /"ea 
= U ■ re. 
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^ ^jjes^j!n+r{l + ...+p''<-''-'^'>)y jr{l + ...+p<=<-''-'^^)'^ 

- U (-(/ 



No. 



Therefore, ^ N. □ 
Corollary 3.16. Na is a simple D-module. 

Proof. Since -JfI/") commutes with localization, we have that the construction of com- 
mutes with localization. Suppose that c is a nonzero D-submodule. After localizing 
at a maximal ideal, m, we have that {R\m)-^N c (i?\m)~iA^a. It suffices to prove the 
statement in the local case. 

If i? is a local ring, A'^q, is a simple F'^-module and it is a direct sum of simple D/j-modules 
[Lyu97, Theorem 3.2 and 5.6]. Since every two i?-modules in Rf intersect, must be a 
simple Dij-module. □ 

Proposition 3.17. Let I c T{f"') be a nonzero ideal such that I c (jtp"] : Then, 
I = T{f°'). In particular, r(/")eQ, is a minimal root for Na- 

Proof. We have that / c (/[p'"'] : / r) for every s e N by flatness of Frobenius and 
properties of colon ideals. There exists n e N such that /" e / by Lemma 3.14. We have 
that 



In addition. 



and 



pes _ ]^ — l)n + (p^"^ — l)r r 
n + r = — — — > 



— 1 p'^ — 1 p^ - 

(rf — l)n + []f^ — l)r r 

lim = = a. 

s—*co p'^ — 1 p^ — 1 



There exists an A^ such that 
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Therefore, / = T(f°'). The claim about being a minimal root follows because I ^ I^^^^ 
generates an nonzero F'^-submodule of Na, which is simple by Proposition 3.15. □ 

Using ideas analogous to the previous proof, we recover a result previously obtained by 
Blickle [Bli08, Proposition 3.5] 

Proposition 3.18. Let (3 = f e Q>o. If a > /3, then fWif^) c T{f'^)^P"^ and it generates 
Ma as F -module. Moreover, T{f°'^'^)ea is the minimal root of M^ as a F'^-module. 

Proof. Since -f—^ > |, we have that br + a> p'^a. Then 



Thus t(/'') generates an F-submodule of Ma- 

Since lim ^^^~^"Ze = Q^i we can pick an £ e N such that r(l + . . .p*^^^^^^) > p^^f3. 

We have that 

Then r(/ ) generates Ma as a F'^-module by Lemma 3.12 because — "' < ol. 

Since r(/ 'p^ ) c r(/'^), t(/'^) also generates Ma as a F'^-module. 

Let / c i? be an ideal such that fM c /, and that f<i''^+-^) R c /b'l for some £ e N. 
Then, 

and so. 



Thus, r(/" ^) is contained in every ideal that generates Ma- Since r(/° generates Mq, 
T{f°'~'^)ea is the minimal root of Ma as an F'^-module. □ 

Proof of Theorem 1.1. We have that a = is not an F-jumping number if and only if 

''"(/") ''"(/" '^)- This happens if and only if Na = Ma by Propositions 3.17 and 3.18, which 
is equivalent to ^f{c(^) = R- The rest follows from Proposition 3.15 and Corollary 3.16. □ 

Theorem 1.1 gives the following algorithm to decide whether a number of the form ^^^—^ 
is an F-jumping number for f e R : 

Algorithm 3.19. 

Input: a = ^^^^^ f ^ R- 

Output: i? if a is not F-jumping number for / and a proper ideal otherwise. 
Process: Compute rlf"')] 
Take J^ = r(r); 

Compute Jn+i = {Jn ^ '■ f^) until there is an such that Jn = Jn+i', 
Return: Jjy. 

Example 3.20. Let R = Fi3[x, y] and / = + y^. Therefore: 
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(i) If a = r(/°) = {x,y)R, Ji = {x,y)R, and J2 = {{x^^y^^) : /^^) = R because 

is equal to a;^^ - 2a;2°y^ + 3x^^y^ - 4x^'^?/^ + Sa;^^?/^^ - 6x^^y^^ - 6a;^°y^^ + 5x^y^'^ - 
Ax^y'^'^ + 3x^y^^ — 2x'^y^^ + y^^. Then, ^ is not an F-jumping number. 

(ii) If a = if, r(r) = {x,y)R, J, = {x,y)R, and J2 = {{x'^y'') : = ix,y) because 

is equal to - Sx^^y^ + Gx^^y^ + Sx^^?/^ + 2x^^y^^ + 5x^^y^^ + 2x^y^^ + 3x^y^^ + 
g^4^24 _ 32;2^27 _|_ y30_ 'jj^g^, jf is an F-jumping number. 

Remark 3.21. Since F-jumping ideals and test ideals commute with localization, we have 
that = ^{r{f)-rU"-'))- In general, ^f^H is not equal to (t(/") : t(/0). Let 

R = ¥-j\x,y^, f = x^y"^ and a = |. Then, /3 = | is the biggest F-jumping number smaller 
than a. We have that T{f^) = xyR and T{f^) = x'^yR, and so {x^yR : xyR) = xR. However, 
Zrin = x\ 

Proposition 3.22. X-' (/p'°) = for j ^ 2. 

Proof. We will prove that I^^fP""") = X^"^{f°')^''^ for j ^ 2 by induction on j. 
If J = 2, 

= irU"'^^) '■ f^)'^'^^ = {f^T{f°') : = T-I^J^^tp"] =Z^{f°'). 
Suppose that the claim is true for j. Then, 

□ 

Proposition 3.23. ZriF") =5f(/")^^. 

Proof We first note that ZpiF^"") = because 

MF^n = [j^'iF^n = \JF{F)^^^ = MF)^''^^ 

by Lemma 3.22. 

In addition, we have that Zf{F)^^ = OpiF)^"^^'^ ■ F'')- Then, 2f{F)^^^ defines the 
F'^-submodule of Mp^ generated by the morphism 

ZpiFf'^^^^FiFf""'^- 

Since Zf{F"^) defines the unique simple F-submodule of Mp^ by Propositions 3.13 and 
3.15, caF(r)[^]. 

Combining these two observations we have that 

Zf{F^'') c ZF{F^"''t^ c • • • c c ZF^Ff"^^ = ^FiF^n- 

Hence, = ^Fif")^^^ because the Frobenius map is faithfully fiat. □ 

4. F-Jacobian ideals 

The F-Jacobian ideal of an element / is connected with the minimal F-module of the first 
local cohomology of R supported at /. In this section we define the F-Jacobian ideal and 
deduce some of its properties. 
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4.1. Definition for unique factorization domains. 

Notation 4.1. Throughout this section R denotes an F-finite regular UFD of characteristic 
p > such that Rf/R has finite length as a D{R, Z)-module for every f e R. 

This hypothesis is satisfied for every F-finite regular local ring and for every F-finite 
polynomial ring [Lyu97, Theorem 5.6]. 

Lemma 4.2. Let S be a UFD and f e S be an irreducible element. Then, N d M 7^ for 
any nonzero S-submodules M, N Sf/S . 

Proof. Let a/f^ s M\{0} and b/f^ g N\{0}, where f3,j ^ 1. Since ^ is a UFD and 
/ is irreducible, we may assume that gcd(a, /) = gcd(&, /) = 1. Then, gcd(a&, /) = 1, 
and so ab/f 7^ in Sf/S. We have that ab/f = bf^-\a/f^) = af-^b/f^) ^ 0. Then, 
ab/f E N nM.. □ 

Lemma 4.3. Let S be a regular ring of characteristic p > 0, f e S an element and vr : 5" — > 
S/fS be the quotient morphism. Let 

X:{I^S\Iisan ideal, f e I, (/^ : fP-^) = 1} 

and 

A/" = {iV c Sf/S\N is an F-submodule). 

Then, the correspondence given by sending N to In = 7r"^(A^ n R/fR) is bijective, with 

inverse defined by sending the ideal I e X to the F -module Nj generated by I/fS — >• 
F{I/fS) = I^yfPS. 

Proof. Since : R/fR —* R/ f^R is a root for Rf/R, its F-submodules are in correspondence 
with ideals J c R/fR such that (f)^^{F{J)) = J [Lyu97, Corollary 2.6]. We have the following 
generating morphisms: 



2 3 2 

fp—1 fp —p fp —p 

I/fpU F{IR/fR)^^ F\IR/fR)^^ ... 
R/fR^^ R/fPR R/fPR ... 

j, j, J, 

, r -, fp'^-p , r 21 fP'^-p'^ 

R/I R/I^P^ R/I^P ^ ^ ^ ... 





Since J is a quotient 1/ fR of an ideal, F{J) = I^p^/ fPR. Then, 

I/fR=ct)-\l^^/fP) 

= {He R/fR I fP-^hE&^/fP) 
= {hER \ fP-^hE I^P^/fR 
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= (/M : r-')/f 



and the result follows. □ 

Lemma 4.4. Let f s R be an irreducible element. Then, there is a unique simple F -module 
in Rf/R- 

Proof. Since Rf/R is an F- module of finite length, there exists a simple F-submodule M c 
Rf/R. Let be an F-submodule of Rf/R. Since M n N ^ by Lemma 4.2 and M is 
a simple F-module, M = M n N . Hence, M is the only nonzero simple F-submodule of 
Rf/R. □ 

Proposition 4.5. Let g e R be an irreducible element and f = g"' for some integer n ^ 1. 
Then there exists a unique ideal I <^ R such that: 

(i) / ^ I, 

(ii) / ^ fR, 

(iii) (JM : fP-^) = I, and 

(iv) I is contained in any other ideal satisfying (i),(ii) and (iii). 

Proof. We note that Rf/R = Rg/R. Let / be the ideal corresponding to the minimal simple 
F-submodule in given in Lemma 4.4 under the bijection in Lemma 4.3. Then, it is clear 
from Lemma 4.3 that / satisfies (i)-(iv). □ 

Definition 4.6. Let g e Rhe a.n irreducible element and f = g^ for some integer n ^ 1. We 
denote the minimal simple submodule of Rf/R by mini;'^(/), and we called it the minimal 
F-module of f. Let a : R/ fR Rf/R be the morphism defined by o"([a]) = a/ f which is 
well defined because i? is a domain. Since image of a is Rj, we abuse notation and consider 
R/ fR c Rf/R. We denote (0cr) ^^(mini?(/) n Rj) by Jpif), and we call it the F-Jacobian 
ideal of f . If / is a unit, we take mini?(/) = and Jrif) = R- 

Notation 4.7. If it is clear in which ring we are working, we write Jpif) instead of Jpuif) 
and mini?(/) instead of min^^(/). 

Proposition 4.8. Let f e R be an irreducible element. Then Ymn.p{f) is the only simple 
D-submodule of Rf/R. 

Proof. We claim that Rf/R has only one simple D^-modvle. Since Rf/R has finite length 
as a D-module, there is a simple D-submodule, M. It suffices to show that for any other 
Dfi-submodule, c M. We have that M n iV 7^ by Lemma 4.2, and soM = MnA^ciV 
because M is a simple D/j-module. Since mini;'^(/) is an D^j-module [Lyu97, Examples 5.1 
and 5.2], we have that M cz minp{f). 

It suffices to prove that M is an F-submodule of Rf/R. Since R/ fR is a domain, we have 
that the localization morphism, R/ fR — >■ Rm/fRm, is injective. Then, Supp^(i?//i?) = 
Suppj:j(J) for every nonzero ideal J c R/ fR. Then, 

Supp^iR/fR) = Snppj,{R/fR n iV) c Supp«(iV) c Supp«(i?//i?) = Supp^(/?//) 

for every i?-submodule of Rf/R by Lemma 4.2. Let m denote a maximal ideal such that 
f e m. Thus, Mm ¥= 0, and then. Mm is the only simple D/j^-module of {Rf)m./ Rm- Since 
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Rm is a regular local F- finite ring, we have that mini7'^^(/) is a finite direct sum of simple 
Z)j^^-modules [Lyu97, Theorem 5.6]. Therefore, = min^^^(/) by Lemma 4.2. 

Let TT : R ^ R/ fR denote the quotient morphism, and / = n~^{R/ fR n M). We note 
that / ^ fR because i?// n M 7^ by Lemma 4.2. We claim that '■ f) = Im for every 
maximal ideal. If / e m, 

Uf = {RjfRrn) r.M„, = {RjfRm) H miu^^^J/) = JFnJf)/f: 

otherwise, Im = Rm = -JpR^if) because / is a unit in Rm Then, {I^^ : /^~^) = / and so / 
corresponds to an F^-submodule of Rf/R, Nj by Lemma 4.3. Moreover, 

Ni = lim{I/fR^^ P^/fpR^-^ ...). 

Since localization commutes with direct limit, we have that for every maximal ideal such 
that / em. 



min^^^(/) = lim(/„//i?^ I^^^VFR 



j-p'^-p 



Ni^ = Nj (i)R Rr, 



Therefore, M = Nj because Supp^(M) = Suppj:j(-R//), and it is an F-submodule of Rf/R- 
Hence, M = mini?^(/). □ 

Remark 4.9. If / e i? is an irreducible element, then: 

(i) min(/) = min(/"') for every n e N because Rfn/R = Rf/R, 

(ii) Jpif) is the minimal of the family of ideals / containing properly fR such that 
(/ ; /p-i) = J by Proposition 4.5. 

(iii) Jpif) is not the usual Jacobian ideal of /. If S* = W-^lx, y, z, w] and f = xy + zw, we 
have that the Jacobian of / is m = (x, y, z, w)S. However, m {m^^ : /^). 

(iv) Jpif) = i? if and only if Rf/R is a simple F-module by the proof of Proposition 4.5 
and Lemma 4.3. 

(v) Jpif) = R if and only if Rf/R is a simple Z^/j-module by Proposition 4.8. 

Proposition 4.10. Let fi, . . . fi e R be irreducible relatively prime elements and f = 
/i • • ■ fe. Then m.inp{fi) is an F-submodule of Rf/R. Moreover, all the simple F-submodules 
of Rf/R are mini7'(/i), . . . , mini;'(/^). 

Proof. The morphism RfjR Rf/R, induced by the localization map Rf, is a 

morphism of F-finite F-modules given by the diagram: 





rp-l 



R/f^R^R/ffR 



/f 



R/f! R 



R/fR 



fP fP fP 

.'1 ■■■Ji '"Jl 
fp-1 



2-2 2 
fP fP fP 
Jl ■■■Ji "Jl 



3 3 3 
fP fP fP 
Jl ■■■Ji Jl 



2 3 2 

fP -P , fP -P 

R/fPR R/fP R - — . 



Then min^(/j) is a simple F-submodule of Rf/R. Let be an F-submodule of Rf/R, and 
a//f^ • • • /f^ ^ Since fi is irreducible, we may assume that gcd(a, /j) = 1 and /3j 7^ 

for some i = !...,£. Thus, a/fi e NnRfjR and a/ fi ^ 0. Then, rmriFifi) c NnRfjR c A^. 
In particular, if is a simple F-submodule, then = mini7'(/j). □ 
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Remark 4.11. As a consequence of Lemma 4.10, we have that 

mini.(/i) e . . . e min^(/^) e Rj/R 
because Rg n Rh = R for all elements g,h e R such that gcd{g, h) = 1. 

Definition 4.12. Let fi, . . . fe s R he irreducible relatively prime elements, / = /f^ ■ ■ ■ 
and n : R ^ R/ fR be the quotient morphism. We define mmp^f) by 

mini;'(/i) © ... © mmpi fi), 

and we called it the minimal F -module of f. Let a : R/ fR — > Rf/R be the morphism 
defined by o"([a]) = a/ f which is well defined because i? is a domain. Since image of a is 
we will abuse notation and consider R/ fR c Rj/R. We denote {rcan.p{f) n Rj) 

by Jpif), and we call it the F-Jacobian ideal of f . 

Remark 4.13. In the local case, mini7'(/) is the intersection homology D-modules jC{R/ f, R) 
previously defined by Blickle [Bli04, Theorem 4.5]. 

Proposition 4.14. Let f,gsR he relatively prime elements. Then, 

Mf9) = fM9)+9Mf)- 
Moreover, fJpig) n gJpif) = fgR- 

Proof. We consider Rf/R and Rg/R as F-sub modules of Rfg/R, where the inclusion is given 
by the localization maps, if : Rj Rfg and tg : Rg — > Rfg. Let tt : R ^ R/ fgR and 
p : R ~* R/ fR be the quotient morphisms. The limit of the morphism induced by the 
diagram 





2 T S 2 

fP-1 fP -P fP -P 

R/fR — — ^ R/fPR — ^ R/fP R >■ 



p-l 



UgY 



R/fgR ^ R/fPgPR'^ R/{fg)P R 

is Lf. Moreover, under this correspondence 





Mf)/fR JpUi^'VPR ' MD^'^yr^R ■ 



9Mf)/f9R ^ 9''jF{fi^vr9^R ^ ^^v^(/)[f'V(/^r'^ — - • • • 

induces the isomorphism of F-modules, Lf : mini?(/) Lf{T[vm.p{f)). We have that 
9{JFif)) = n-\mmp{f) n R/fgR) c 7r"i(min^(/) n R/fgR) = Jp{fg). 
In addition, 

: if 9)'-') = 9Mf), 
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p-i 



and it defines minp^f) as a F-submodule of Rfg/R. Likewise, 

fMg) c Mfg), WMgi'^ ■ Ugf-') = fMa), 

and it defines min^(g') as a F-submodule of Rfg/R. Tlien, 

fMg)+gJF{f)^Mfg). 

Since minir(/) n mmp^g) = 0, we liave tliat fJpig) n gJpid) = fgR- 
We claim that 

(FMg)^'^ + g'Mf)^'^ ■ F-'g"-') = fMg) + gMf)- 

To prove the first containment, take 

h E (/^Ji.((7)W + g^Jpif)^'^ : F-'g'-')- 

Then f^^^g^^^h = pv + g'^w for some v e [Jp[g))^^ and w e Jp'((7)M. Since / and g are 
relatively prime, /^^^ divides and f?^"^ divides v. Thus, there exist a,b e R such that v = 
gP-^a and w = g^-^b. Then, a s (Jf(c?)M : g^'^) = Jpig) and 6 g (Jf(/)M : = J^(/). 

Since, 

/^-^/-i/i = /^^ + gPw = Fg'-'a + gPgP-\ 

h = fa + gbe fJpig) + gjpif). 

For the other containment, it is straightforward to check that 

fMg) + gMf) ^ (FMg)^'^ + g'Mf)^'^ ■ F-'g'-')- 

Since N f,jpi^g)+gjp(^f), the F-module generated by fJrig) + gJrif), contains minir(/) and 
minir(^), 

mini.(/) eminF(5() c A^/j^ 
Therefore, Jpih) c fJpig) + gJpif) and the result follows. □ 

Proposition 4.15. Let /3, 7 e N be such that /3 < 7. Then, 

f^-^Mf^) c MF) c 

Proof. Let o"^ : -R//^ ^ -^//-^ be the injection defined by sending [a] — > a//^. We note that 
the image of ai is Rji We have that the following commutative diagram, 

R/FR 




R/pR 

Then, R-p n min^(/) c R-^ n minir(/), and this corresponds to 

F-^Mf^)/FR c MF)/FR- 

Hence, f^^^ JfU^) ^ Jrif"') because p belongs to both ideals. 
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The morphism Rj^ n min^(/^) —> Rjj n mini?(/) is well defined and it is equivalent to 

the morphism Jpif"')/ fR Jpif^)/ given by the quotient morphism R/ f^R R/ f^R. 
Then, Jf{P) + f^R c Jf(/^) and the result follows. □ 

Remark 4.16. There are examples in which the containment in Proposition 4.15 is strict. 
Let R = ¥p[x] and / = x. In this case, Rf/R is a simple F-module. Then, Jf{x^) = R for 
every /3 e N and p-^Jrif) c Jf{P) for every 7 > /3. 

Corollary 4.17. Let f,geR be such that f divides g. Then, Jpig) ^ Jf{P- 

Proof. This follows from Propositions 4.15 and 4.14. □ 

Proposition 4.18. Let f ^ R and W <^ R be a multiplicative system. Then, Jp _i (/) = 

Proof. By Proposition 4.14, it suffices to prove the claim for / = g"', where g is an irreducible 
element. We note that g is either a unit or a irreducible element in W~^R. We have that 
mini?^_j^(/) = minF^_-^^{g) is either zero or a simple F-module by Lemma 4.8. Then, 
mmF^_^^{f) = W-^mmFj,{f), and so 

JF^^,,{P/fW-'R = W~'R/fWR n min^^_, J/) 
= W~\R/fRnm.mF^{f)) 

= w-'jFM/fw-'R, 

and the result follows because / belongs to both ideals. □ 
Proposition 4.19. Let f s R. Then, JF^./^eU) = JfAP^^'^^ ■ Moreover, JF^iPl = 
JF.ifr^. 

Proof. By Proposition 4.14, we may assume that f = g^ where g is irreducible. Let q denote 
and h denote the length of Rf/R in the category of F- modules. Let G : R^^'^ Rhe the 
isomorphism defined by r ^ r^. Under the isomorphism G, I^j'' /R^/'^ corresponds to Rfq/R. 

Then, the length of R^j'^ /R^^'' in the category of Ffji/9-modules is h. Let = Mq c . . . c 
Mh = Rf/R be a chain of FR-submodules of Rf/R such that Mj+i/Mj is a simple F^-module. 
Let fR = Jo c . . . c = i? be the corresponding chain of ideals under the bijection given 
in Lemma 4.3. Since f = g"" and g is irreducible. Mi = minir^(/) and Ji = JFaif)- We 
note that {JfR^/i : /f"^) = JiR^/'^ and JiR^/'> ^ Ji+iR^''^ because i?^/' is a faithfully fiat 
i?-algebra. 

Then, we have a strictly ascending chain of ideals 

fR^/'i = J^R^''^ c . . . c JhR^'P = i^V-J 

that corresponds to a strictly ascending chain of F^i/9-submodules of T^j'^ / R//"!'^ . 
Since / = {g^^'^Y^, g^^'^ is irreducible and the length of R^j'^ /R}!''- is /i, we have that 

JF^{f)R^l' = hR^l'' = JF^,^,{f). 
After applying the isomorphism G to the previous equality, we have that 
J^J/)M = G{JF,{f)R^I^) = G{Jf^,,SP) = JfAP)- 

□ 
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Proposition 4.20. Let R ^ S be a flat morphism of UFDs and let f e R. If S is as in 
Notation 4-1, then Jpsif) ^ '^Fh(/)'S'. 

Proof. We may assume that f = where g is an irreducible element in R by Proposition 
4.14. Since S is fiat, {JpM^^S : /P"^) = JpniDS- Let M denote the F^-submodule of 
Sf/S given by Ji?^(/)S' under the correspondence in Lemma 4.3. If / is a unit in S, then 
Jf(/)5' = S and the result is immediate. We may assume that / is not a unit in S. Since 
Jpif) ^ fR, we can pick a s Jp(f)\fR. Then, a = bg'' for some ^ 7 < /3 and b s R such 

that gcd(6, (yf) = 1. Then, R/g R/g is injective, and so S/gS S/gS is also injective. 
Thus, gcd(fe, 5') = 1 in S". Hence, b/g is not zero in Sg/S. Moreover, b/g = g^^"'^^a/f e M 
and it is not zero. Let gi, . . . ,gi e S irreducible relatively prime elements such that g = 
gi--- gi- We have that b/gi = hb/g e SgJS n M\{0}, where h = g{' ■ ■ ■ • • • g{' . Then, 
vcnjiFs{.gi) ^ ^ and so mining (/) c M. Therefore, Jpsif) ^ JFR{f)S. □ 

Proposition 4.21. Suppose that R is a local ring. Let f ^ R. Then 

jF,{f) = jp^m 

where R denotes the completion of R with respect to the maximal ideal. 
Proof. We have that min^^(/) = mini;'^(/) ®r R [Bli04, Theorem 4.6]. Then, 

Jf^ = {p/fR) n min^_(/) = {{P/fP) n minp^(/)) ®rR = JfM)R 

□ 

Lemma 4.22. Let P = K[xi, . . . , x„,] , where K is a perfect field. Let K L be an algebraic 
field extension of K, S = L[xi . . . , Xn], and R S the map induced by the extension. Then, 
Jpsif) = JfM)S. 

Proof. We can assume that f = g^ where g is an irreducible element in R by 4.14. It suffices 
to show that JFf,{R)S c Jfs{S) by Proposition 4.20. 

There is an inclusion (p : Pf/P Sf/S, which is induced by i? S*. We take M = 
{mmFg{f)) n Rf/P. We claim that M is a D^-module of Pf/R- Since K is perfect, 

Dn = \J}lomsrHS,S) = D{R,K) = 

eeN ' * 

We note that c Ds, and that for every me Rf/R, (j){-^m) = ^0(m). As a consequence, 
-^m e M for every m e M. Therefore, M is a D/j-module. 
Let I = M n P/fP. We note that 

/ = minp^,(/) n P/fP = (Jf,(/)//5) n P/fP 

and that S/ fS is an integral extension of R/ fP because L is an algebraic extension of K. 
Let r e Jp^if)/ fS not zero, and aj s P/ fP such that Uq 

r"" + Qn-i?^""^ + . . . + air + flo = 

in S/ fS. Then, 

r(a„„ir""^ + . . . + ai) = -ao, 
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and so ao e / = (Jpgif)/ fS) n R/ fR, and then M 7^ 0. Therefore, mini?^(/) c M and so 
Jpif)/ f c /. Let Tc : R ^ R/ fR be the quotient morphism. Then, 

JpM ^ = Jpsif) R, 

and 

□ 

Lemma 4.23. Let R = K[xi, . . . where K is an F-finite field. Let L = K^l'^ , S = 
L\xi . . . , Xn], and R ^ S the map induced by the extension K L. Then Jpsif) = JFR{f)S. 

Proof. We have that i? c c i?Vp. Then, by Proposition 4.20, 

^ JFsinR'^' C {Jp,{f)S)R'/^ = JFAf)R'^'- 

Since Jp^.Jf) = JpAflR^'" by Proposition 4.19, 

= JF,{f)R'l^/{JF,{f)S)R'l^ = {JFsU)/JFAf)S) ®s R"'. 
Therefore, Jpsif) = ■Jpni.nS because R^^^ is a faithfully fiat S'-algebra. □ 

Lemma 4.24. Let R = K[xi, . . . ,x„], where K is an F-finite field. Let L be the perfect 
closure of K , S = L\xi . . . , and R S the map induced by the extension K ^ L. Then 
Jpsif) = JfM)S- 

Proof. We may assume that f = for an irreducible g e R hj Proposition 4.14. Let 
S'^ = K^/^^lxi, . . . , Xn\. Let hi, . . . ,hi denote a set of generators for Jpg{f). In this case, 
(Jpsif)^^ ■■ f^'^) = Jpsif)- Then there exist e S such that 

f'-% = Y,c^,h^r 

Since S = [J^ S*^, there exists such that Cij, hj e . Let / c R^ be the ideal generated 
hj hi, . . . , he. We note that IS = Jpgif); moreover, Jpsif) S'^ = I because S'^ S splits 
for every e e N. 

We claim that (JW : fP-^) = L We have that fP-^h^ e /W by our choice of and so 
/ c (JM : /P-i). Ugs (jM : fP-^), then fP~^g e jM c Jfs(/)M and g e Jp^if) n = L 

As in the proof of Lemma 4.22, {JFs{f)/fS) n (S^/fS^) ^ and then Jp^if) n 5^ = 
/ 7^ /S". Therefore, Jp c J by Proposition 4.5. Hence, 

and the result follows because 

JpMs = {JpMs'')s = jp^Af)s. 

□ 

Theorem 4.25. Let R = K[xi, . . . , xj, where K is an F-finite field. Let L be an algebraic 
extension of K, S = L[xi . . . , Xn], and R S the map induced by the extension K L. 
Then JfsU) = JfMS. 
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Proof. It suffices to show JF^{f)S c Jpsif) by Proposition 4.20. Let K* and L* denote the 
perfect closure of K and L respectively. Let R* = K*[xi, . . . , Xn] and S* = L*[xi, . . . , Xn]- 
Then, 

by Lemma 4.22 and 4.24. Therefore, 

Hence JF^(/)S'/JFg(/) = because S* is a faithfully flat S-algebra. □ 

Example 4.26. Let R = ¥3[x,y], and f = x'^ + and m = {x,y). We have that (mt^] : 
f^^^) = m. Then, JfrU) c m. Let F3[z] the extension of F3 by V— T, S = L\x,y^ and : 
R ^ S he the inclusion given by the field extension. Then, JFsif) = {^^ y)S by Proposition 
4.14 because x'^ + y'^ = {x + iy){x — iy). Since is a fiat extension, JFsif) ^ JFi,{f)S. Then, 
m = R r\ JfsU) R <^ JFf.{f)S- Hence, Jf^I) = 'm. 

Proposition 4.27. Let f e R be an irreducible element. Then, 

gcd(a,/) = l VeeN ^ 

Proof. We have that min^(/) is the intersection of all nonzero Z)-submodules of Rj/R by 
Proposition 4.8. In particular, mini7'(/) is the intersection of all nonzero cyclic D-modules 
generated by elements a/ f s Rf/R. Hence, 

Mf)/f = n • ^ w) 

gcd(a,/) = l 

- n (\J{D^''-a/fr.R/f) 

gcd(a,/) = l VegN 




We have that b s Jpif) if b/ f g ngcd(a,/)=i Uegn {^^''^ ' ^//)' so, for every a e R such 
that gcd(a, /) = 1, there exists an e e N such that b/ f g D^^'> ■ a/f. Thus, there exists 
(j) G Hom^pe (i?, R) such that 

0(a//) = V/^X/^^-^a) = b/f + r 
Therefore, after multiplying by J^", we have that 

n fu (((/'•-«)""■'./)'■' ^ 

gcd(a,/) = l \esN ^ ^ / 

because [{fp'-^a)^^/'^'^^''^^ = D(^) (/^^-^a) . 
On the other hand, if 

gcd(a,/) = l esN ^ 
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then for every a e R such that gcd(a, /) = 1, there exists an e e M and <f> e Homjip^ {R, R) 
such that 

because ^(/^"^^a), f^^^^^ = D^^^fP^^^a). Therefore, after dividing by f^", we have that 

b/f e ngcd(a,/)^i Ue.N {D^'^ ■ and then b e Mf). □ 

Theorem 4.28. Let f s R be such that R/ fR is a F-pure ring. If Jpif) = R, then R/ fR 
is strongly F-regular. 

Proof. We may assume that (i?, m, K) is local because being reduced, F-pure, and F- 
regular are local properties for R/ fR. Then, / is irreducible by Proposition 4.14. Since 
Jpif) = R, for every a such that gcd(a, /) = 1 there exits an e e N such that R = 

(^{{f^'-'af''^\ff^^:f^'-') by Lemma 4.27. Then, f^'-' e ({f^'-'af^''\ff^\ 

Since /^"^^ ^ mt^"] for every e e N by Fedder's Criterion , R = (^f^^^^aY^^^ ^ ; otherwise, 
^yp=-i^^[i/p ] J) c m. Then, there exist a morphism (j) : R ^ R^" of i^^^-modules such that 
0(/p=-ia) = 1. Let If : R/fR R/fR be the morphism defined by if{[x]) = [(f){fP'~^x)]. 
We note that (/? is a well defined morphism of (i?//i?)^-modules such that V5([a]) = 1. Then, 
R/fR is a simple D(-R//-R)-module. Hence, R/fR is strongly F-regular [Smi95a, Theorem 
2.2]. □ 

Remark 4.29. • The result of the previous theorem is a consequence of a result of 
Blickle [Bli04, Corollary 4.10], as R/fR is a Gorenstein ring. However, our proof is 
different from the one given there. 
• Jpnif) = R does not imply that R/fR is F-pure. Let K = Frac(F2[u]) be the fraction 
field of the polynomial ring F2[m], R = K\\x,yW, and f = + uy"^. Then, / is an 
irreducible element such that R/fR is not pure because / e (x, y^'^^R. Let L = K^^'^, 
S = L[[x, y]] and -R — > 5" be the inclusion given by the extension K <^ L. Thus, 
f = {x- u^l'^yf in S, and then Jfs{S) = S ^ JfMS. Then, R = JpsiS) R = 
JF^{f)S n i? = Jpaif) because R S splits. Hence, Jpaif) = R and R/fR is not 
F-pure. 

4.2. Definition for rings essentially of finite type over an F-finite local ring. 

Notation 4.30. Throughout this section R denotes a ring essentially of finite type over 
an F-finite local ring. Let f e R, n : R R/fR be the quotient morphism. If R/fR is 
reduced, Tf denotes the pullback of the test ideal of R/fR, 7r~^(r(i?//i?)). 

Under the hypotheses on R in Notation 4.30, there is an F-module and a F>-module of 
Rf/R called the intersection homology C{R, R/ fR) [BliOl, Bli04]. We have that for every 
maximal ideal m <^ R, {R\m)^^C{R, R/fR) = min^^^(/). 

Definition 4.31. Let R/fR c Rf/R be the inclusion morphism 1 i— > j. We define the 
F-Jacobian, J/(/) as the pullback to R of (R/fR) n C{R,R/fR). 

Lemma 4.32. Suppose that R/fR is reduced. Let P{f) = {rf'^ : /^'"'"^). Then P{f) c 
P+\f) andP+\f) = {P{f)^P^:fP-'). 
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Proof. Since, in this case, the test ideal of R/ fR commutes with locahzation, we may assume 
that is a local ring. We have that Tf/fR is the minimal root for mmp{f) [Bli04, Theorem 
4.6]. Then, fP~H\f) = p-^j c rf^ = l\f)^^\ Thus, c P and /p-^/^ c J^. 
Moreover, P / fR is also a root for minp'(/) because P{f)/P{f) is the kernel of the map 

Inductively, we obtain that P c f^li+^ cz P and that P / fR is a root for min^(/) for 

every j e N and the result follows. □ 

Proposition 4.33. Suppose that R/ fR is reduced. Then, Jpif) = Ui -^/?(/)- 



Proof. We have that Tfj is the minimal root for C{R, R/ fR). Moreover, any ideal /-'(/) 
also generates C{R,R/fR) as an F-module. Moreover, 

U/^(/) = C{R,R/fR)[]R/fR = Mf). 



fp-i 



□ 



Remark 4.34. In general, we do not have Tf = Jpif)- Let R = K[x], where K is any 
perfect field of characteristic p > 0. Let f = . Then, r/ = xR R = Jpif)- In addition. 
Example 4.45, shows another situation where r/ 7^ Jrif)- 

Remark 4.35. If R is an F-finite local ring, then 

Mf) Mf)^"^ 

is a generating morphism for mini?(/) because in this case minir(/) = C{R, R/ fR). 



Corollary 4.36. Let S be a ring that is as in Notation 4-1 and as in Notation 4-30. Let 
f ^ S. Let J denote the F-Jacobian ideal of f as in Definition 4-12 and let J' the F-Jacobian 
ideal of f as in Definition 4-31. Then, J = J' . 



Proof. We have that in both contexts the F-Jacobian ideal commutes with localization. We 

r -| jp — 1 

may assume that i? is a regular local F-finite ring. As J2 = (J2 • /^^^) ^"^^ J2/ fR -* 
J^^/ f^R is a root for mini7'(/) by Lemma 4.35, we have that Ji = J2. □ 

Remark 4.37. As for every maximal ideal m c i?, R^ is as in Notation 4.1, we have that 

• rMf) c Mr), 

. if gcd(/,^) = 1, Mf) = fMg) + gMf)- 

because those properties localize. 

Proposition 4.38. Suppose that {R,m,K) is local. Let {S,ri,L) denote a regular F-finite 
ring. Let R ^ S be a flat local morphism such that the closed fiber S/mS is regular and 
L/K is separable. Then, Jpsif) = JFii{f)S. 

Proof. It suffices to proof that mini?^(/)S' = mini;'g(/). We can assume without loss of 
generalization tat R/ fR is reduced. We have that Jp^^if) = JFR{f)R and Jp^if) = •JFsif)^ 
by Proposition 4.2L In addition, the induced morphism in the completion R ^ S is still a 
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flat local morphism. Since Jpsif) ^ 'JFuif)^ Jp^if) ^ JFf^if)S by Proposition 4.20, 

JF^{f)S/ Jpgif) = [JpiiiDS / Jpsif)) ®s S. Therefore, we can assume that R and S are 
complete. 

We note that R/ fR S/ fS is again a flat local morphism such that the closed flber S/mS 
is regular L/K is separable by flat base change. Then S/fS is reduced and t{R/ fR)S = 
T{S/fS) [HH94a, Theorem 7.2], and so = 4^{f)S. Hence, Jpsif) = JpniDS by 

Proposition 4.33. □ 

Corollary 4.39. Suppose that R is a -graded ring. Let f s R be a homogeneous element. 
Then, Jrif) is a homogeneous ideal. 

Proof. It suflices to proof that min(/) is a Z'^-graded submodule of Rf/R- We can assume 
that R/ fR is reduced. We have that t{R/ fR) is a homogeneous ideal [HH94b, Theorem 4.2]. 
This means that Ijiif) is a homogeneous ideal for every j. Therefore, Jrif) is homogeneous 
and that min^(/) Z"-graded submodule of Rf/R. □ 

Corollary 4.40. Let S be a ring that is as in Notation 4^.1 or as in Notation 4-30. Let 
f E S be such that R/ fR is reduced. Then, V^Jpif)) c Singp,(S'//S'). Moreover, if S/fS is 
an F-pure ring, then V^Jpif)) = Singp(S'//S'). 



Proof. For every prime ideal P e V{JF{f)), Jpspif) ^ Sp. Since Sp is as in Notation 
4.30, we have that T{Sp/fSp) c Jp^ (/) c PSp. Then, Sp is not F-regular and then 
Pe Sing^iS/ fS). 

Now, we suppose that S/ fS is F-pure. For every prime ideal P e Smgp{S / f S) , Sp/ fSp 
is not F-regular. Then, ^ Rp by Theorem 4.28. Then, P e V(Jir(/)). □ 

Lemma 4.41. Let S be a ring that is as in Notation 4-1 O'nd as in Notation 4-30. Let f e S 

be an element and Q S be a prime ideal. If Sq/ fSq is F-pure, then Sq/ Jpg^ (/) is F-pure. 

Proof. We may replace by S'g. Since S/ fS is F-pure, we have that /^^^ ^ Q^^^ by Fedder's 
Criterion. We have that f^-^ e (Jf(/)[p] : Jf(/)), and so {JfU)'^"^ ■ Mf)) ^ Q^"^- 
Therefore, S/Jpif) is F-pure. □ 

Corollary 4.42. Let f e R. If R/ fR is an F-pure ring, then Jpif) = Tf. 

Proof We have that ^fhU) = ^/n-^R/fR) by Corollary 4.40 because Smgp(R/fR) = 
V{t{R/ fR)) in this case. Since R/ Jpif) is F-pure by Lemma 4.41, Jpif) is a radical ideal. 
In addition, t{R/ fR) is a radical ideal [FW89, Proposition 2.5]. Hence, Jpif) = ''"/• D 

4.3. Examples. 

Proposition 4.43. Let f e R be an element with an isolated singularity at the maximal 
ideal m. If Rm/ f Rm is F-pure, then 



Mf) 



R if R/ fR is F — regular 
m otherwise 



Proof. Since R/ fR has an isolated singularity at m, we have that JF{f)Rp = Rp for every 
prime ideal different from m. Then, m cz ■\J Jpif)- 

If Rm/ fRm is F-regular, then R/ fR is F-regular, and so Jf{R) = Rhj Theorem 4.28. 
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If Rm/fRm is not F-regular, then Jf{R) R hy Theorem 4.28. Then, m = v 
Since Rm/fRm is F-pure, we have that Rm/ JF{f)Rm is F-pure by Lemma 4.41. Then, 
Rm/ JpiDRm is a reduced ring. Hence, Jf(/) = rn. □ 

Example 4.44. Let K is an F-finite field. Let E be an elliptic curve over K. We choose a 
closed immersion of E in Fj^ and set R = K[x,y, z], the completed homogeneous co-ordinate 
ring of P|^. We take f e R as the cubic form defining E. We know that / has an isolated 
singularity at m = {x,y, z)R. If the elliptic curve is ordinary, then R/ fR is F-pure [Har77, 
Proposition 4.21] [Bhal2, Theorem 2.1] [BS]. We know that R/fR is never an F-regular 
ring [HH94b, Discussion 7.36(fe), Theorem 7.12]. Then, Jrif) = m hj Proposition 4.43. 

Example 4.45. Let R = K[x,y,z], where is an F-finite field of characteristic p > 3. Let 
f = + + s R, and n : R ^ R/fR be the quotient morphism and m = {x, y, z)R. We 
have that Tf = m [Smi95b, Example 6.3]. Then, m cz Jpif) by Proposition 4.33. 

We have that R/fR is F-pure if and only if p = 1 mod 3. We have that {m^^^ : /^^^) = m 
if p = 1 mod 3, and (m^^ : /^^^) = i? if p = 1 mod 2. Hence, 



Mf) 



R p = 2 mod 3 
m p = 1 mod 3. 



Example 4.46. Let R = K[xi, . . . , x„], where K is an F-finite field of characteristic p > 0. 
Let / = aiXi^ + . . . + anX'^", be such that a^O. We have that R/fR has an isolated singularity 
at the maximal ideal m = (xi, . . . , x„). 

If ^ + . . . + ^ = 1 and {p — l)/di is an integer for every i, then R/fR is F-pure for p » 
[Herl2, Theorem 3.1] and not F-regular [Gla96, Theorem 3.1] because /^~^ is congruent to 
c{xi ■ ■ ■ XnY"'^ module m^^^^ for a nonzero element c e K. Hence, Jrif) = R for p » by 
Proposition 4.43. 

Remark 4.47. Let R = K[xi, . . . , Xn] be a polynomial ring and / e i? be such that R/fR 
is reduced. We can obtain Jrif) from t{R/ fR) by Proposition 4.33. In the case where 
77, > 3, / = + . . . and d is not divided by the characteristic of there is an algorithm 
to compute the test ideal of R/fR [McD03]. Therefore, there is an algorithm to compute 

JF{f). 

Example 4.48. Let R = . . . , where is a field of characteristic p > 0. Let 

/ = + . . . + x^. This examples are based in computations done by McDermott [McD03, 
Example 11, 12 and 13]. 
If p = 2, ri = 5 and = 5, 

= (^i3;j)i<jij<j5. 

Then, {x\,x\,x\^x\,x\,XiX2X^X4^x^)R = {tJ^ : f) and R = (rj^-' : /^). Hence, Jf(/) = R- 
If p = 3, n = 4 and d = 7, 

Then R = {rf^ : f^) and Jpif) = R- 
If p = 7, n = 5 and d = 4, 

Tf = (Xi, . . . ,X5)i?. 

Then R = (rf ^ : f^) and JfU) = R- 
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5. Further consequences and relations 



Using ideas and techniques developed in the previous sections, we obtain relations among 
test ideals, generalized test ideals and generalized Lyubeznik numbers for hypersurfaces. 

Notation 5.1. Throughout this section R denotes a ring essentially of finite type over an F- 
finite local ring. Let f ^ R denote an element such that R/ fR is reduced. Let tt : i?, R/ fR 
be the quotient morphism. r/ denotes 7r~^(r(i?//i?)), the puUback of the test ideal of R/ fR. 

Remark 5.2. We have that t(/^^'^)j is the minimal root for Rj as an F-module. Then 

generates Rf/R (see Proposition 3.17 or [BliOS, Proposition 3.5]. We have that t(R/ fR) = 
Tf/f is the minimal root of mini7'(/) [Bli04, Proposition 4.5 and Theorem 4.6]. Therefore, 
Tfj c r(/i-^)i c R^/R. Then, 

rf^rif'-')- 

This containment can also be obtained using F-adjunction [TakOS, Sch09]. 

Suppose that R is a. finitely generated polynomial ring over an F-finite field and / is a 
polynomial. Since the Jacobian ideal of / is contained in Tf when R/ fR is reduced [HH99], 
the previous containment of test ideals gives implies J{f) c T{f^^^). The containment of 
the Jacobian ideal in the test ideal T{f^~'^) was proved using different techniques [KLZll] 
and still holds when R/ fR is not reduced. 

We assume that (R, m, K) is a local ring and F-finite. Vassilev proved that if / c is an 
ideal and tj is the pullback of the test ideal of R/I, then (jM : I) c (r^ : tj) [Vas98]. In 
particular, if R/I is F-pure, then R/tj is also F-pure. Using this criteria, she showed that 
if R/I is F-pure, there is a sequence of ideals 

(5.2.1) / = TocriC... 

such that Ti+i is the pull back of the test ideal of R/ti. The sequence in 5.2.1 stabilizes when 
Ti = R, because if 7^ 0, i?/rj, then is an F-finite reduced local ring and its test ideal is not 
zero [HH94a, Theorem 6.1]. We apply this ideas to bound the length of Mi/Ni = Rf/R as 
an F-module. 

Lemma 5.3. Suppose that {R^m, K) is a local ring and F-finite and R/ fR is F-pure. Let 

Oc/ = roCTic...cr^ = /? 

he the sequence of pullback of test ideals for f R defined in 5.2.1. Ifri+i 7^ Tj, then A^r^+i ^ Nt-^. 

Proof. We have that f^~^ s (/^ : /) c (rj^^ : Tj) for every j. We will proceed by contradiction. 

Suppose that Tj+i 7^ Tj, and A^r^+i = • Then there exists e such that f^^^^Ti+i cz rf ^ by 
Lemma 3.12. Since R/rj is F-pure for every j, we have that both Tj and Tj+i are radical 
ideals. Therefore, we can choose a minimal prime Q of Ti such that (rj+i)Q = Rq. Hence 
f^''~^{Ti+i)Q = f^^^^Rq c {Tif-Q c (Qi^Q)!^"], and we obtain a contradiction because 
Rq/fRq is F-pure □ 
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Proposition 5.4. Suppose that {R,m,K) is local and R/fR is F-pure. If 

c fR = To c Ti c . . . c = i? 
is the sequence of ideals for fR defined in 5.2.1, then 

I ^ lengthp_„„^ RfjR 

Proof. We have that every pullback of test ideal defines a different F-moduIe by Lemma 
5.3, which proves the proposition. □ 

The Lyubeznik numbers are invariants of a local ring of equal characteristic [Lyu93, Theo- 
rem/Definition 4.1]. The first author and Witt defined a generalization these invariants using 
the theory of D-modules and local cohomology [NBW12, Definition 4.3]. We only recall the 
definition of hypersurfaces; however, the generalized Lyubeznik numbers are defined for any 
local ring of equal characteristic and a sequence of integers and ideals. 

Suppose that R = iC[[a;i, . . . Let d = dim{R/ fR) = n — 1 and L be a coefficient 
field of R/fR. We define the generalized Lyubeznik \q{R/ fR; L) by length^^jij^^) Rf/R- This 
number is well defined and depends only on R/fR and L. 

Corollary 5.5. Suppose that R = K[[xi, . . . ,Xn]], where K is an F-finite field, and that 
R/fR is F-pure. Let L be a coefficient field of R/fR. If 

c fR = To c Ti c . . . c = i? 

is the sequence of ideals in 5.4, then 

Proof. We have that 

i < length^_^„d Rf/R < length^(^,^) Rf/R < length^(^,^) Rf/R = \f'^^'"^''\R/ fR- L). 

□ 

Remark 5.6. If R/fR is F-pure and Xf"'^^^^^\R/ fR; L) = 1, then R/fR is F-regular 
[Bli04, NBW12]. In addition, if R/fR is F-pure and K perfect, then Xf'^^^^^^^R/fR; L) = 1 
if and only if R/fR is F-regular [31104, NBW12]. Then, Corollary 5.5 is telling us that for 
F-pure hypersurfaces Xq^^^^^^^\r/ f R; L) measures how far is R/fR from being F-regular. 

Proposition 5.7. Suppose that {R,m,K) is local and F-finite, and that R/fR is reduced 
and lengthjij T(/^~^)/r/ is finite. Let f = fi . . . fg he a factorization of f into irreducible 
elements. Then, 

lengthp_^„, < length^(r(/i-^)/r^) + £ 

Proof. We have that minir(/) = minir(/)0. . .0mini?(/£). In addition, the length of minir(/) 
as a F-module is I. We recall that T(/^^'^)y is a root for Rf/R by Proposition 3.18 and t/j 
is the minimal root for minir(/). Therefore, for every F-submodule c Rf/R that contains 
minir(/), A^nr(/^~'^) J is a root for and it must contain Tfj. Then for every strict ascending 
chain of F-modules mmp{f) = Nq <^ Ni <^ . . . <^ Nt = Rf/R, t < lengthy r(/^^'')/r/. Hence 

length^_^„, Rf/R < length^(r(/i-)/r^) + i. 

□ 



Proof of Theorem 1.2. This is consequence of Propositions 5.4 and 5.7 and Corollary 5.5. □ 
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